Abstract. We give an upper bound for the dealternating number of a closed 3-braid. As applications, we determine the dealternating numbers, the alternation numbers and the Turaev genera of some closed positive 3-braids. We also show that there exist infinitely many positive knots with any dealternating number (or any alternation number) and any braid index.
Introduction
A link is a disjoint union of circles embedded in S 3 , and a knot is a link with one component. Throughout this paper, all links are oriented. A link diagram is n-almost alternating if n crossing changes in the diagram turn the diagram into an alternating link diagram (cf. [2] ). A link is n-almost alternating if it has an nalmost alternating diagram and no diagram that can be turned into an alternating diagram in fewer crossings. We say that a link is almost alternating if it is 1-almost alternating. It is known that all non-alternating knots of eleven or fewer crossings except 11 n95 and 11 n118 are almost alternating [2] , [13] . The first author showed that there exists n-almost alternating knot for any positive integer n [1] . We say that a link L has dealternating number n if it is n-almost alternating. We denote by dalt(L) the dealternating number of a link L. We note that all non-alternating Montesinos links and all semi-alternating links are almost alternating (see Appendix).
Kawauchi introduced the alternation number of a link [16] , which measures how far it is from alternating links. Let L and L ′ be links.
between L and L ′ [23] is the minimal number of crossing changes needed to deform a diagram of L into that of L ′ , where the minimum is taken over all diagrams of L. The alternation number alt(L) of a link L is the minimal number of d G (L, L ′ ) among all alternating links L ′ . By definition, we have alt(L) ≤ dalt(L) for any link L. We note that the alternation number differs from the dealternating number. For example, the Whitehead double of the trefoil is 2-almost alternating [2] , however it has alternation number one. The first author gave a lower bound for the alternation number of a knot, and determined the torus knots with alternation number one [1] . By using this lower bound, Kanenobu determined the alternation numbers of some torus knots [14] .
In this paper, we give an upper bound for the dealternating number of a closed 3-braid (Theorem 2.5). As an application, we determine the dealternating numbers and the alternation numbers of some closed positive 3-braid knots as follows. such that β is a knot and p i , q i ≥ 2 for i = 1, 2, . . . , r. Then we have alt( β) = dalt( β) = n + r − 1.
The braid index b(L) of a link L is the minimal number of strands of any braid whose closure is equivalent to L. We show that there exist infinitely many positive knots with any dealternating number (or any alternation number) and any braid index.
Theorem 4.1. For any m ∈ Z ≥0 and n ≥ 3, there exist infinitely many positive knots K with alt(K) = dalt(K) = m and b(K) = n.
To a knot diagram D, Turaev associated a closed orientable surface embedded in S 3 , called the Turaev surface. The definition of the Turaev surface is given in Section 5 (see also [8] , [9] , [20] ). The Turaev genus g T (K) of a knot K was first defined in [9] as the minimal number of the genera of the Turaev surfaces of diagrams of K. We determine the Turaev genera and the dealternating numbers of the (3, 3n + i)-torus knots, where i = 1, 2.
Theorem 5.9. Let T 3,3n+i be the (3, 3n + i)-torus knot, where i = 1, 2. Then we have
This paper is constructed as follows: In Section 2, we give an upper bound for the dealternating number of a closed 3-braid. In Section 3, we determine the dealternating numbers and the alternation numbers of some closed positive 3-braid knots by using a lower bound introduced by the first author [1] . In Section 4, we show that there exist infinitely many positive knots with any dealternating number (or alternation number) and any braid index. In Section 5, we determine the dealternating numbers and the Turaev genera of the (3, 3n + i)-torus knots, where i = 1, 2. In Appendix, we observe that non-alternating Montesinos links and semi-alternating links are almost alternating. This Appendix is authored by the first and the second authors and In Dae Jong.
An upper bound for the dealternating number of a closed 3-braid
In this section, we give an upper bound for the dealternating number of a closed 3-braid. The n-braid group B n , n ∈ Z >0 , is a group which has the following presentation.
.
Let β be an n-braid of the form where i j = i j+1 and a j is nonzero integer for j = 1, 2, . . . , m. We call σ aj ij the syllables of β, which represent an a j -half twists on two strands in β. We denote by β the closure of a braid β. Set E + (β) = { j | i j is even, and a j is positive}, E − (β) = { j | i j is even, and a j is negative}, O + (β) = { j | i j is odd, and a j is positive}, O − (β) = { j | i j is odd, and a j is negative}.
We denote by |X| the number of elements of a set X. Lemma 2.1. Let β be an n-braid. Then we have
Proof. Let D be the closed braid diagram of β. We may assume that |E + (β)| + |O − (β)| ≤ |E − (β)| + |O + (β)| since we can prove in a similar way as in the case |E + (β)| + |O − (β)| ≥ |E − (β)| + |O + (β)|. Let T j be a 2-tangle diagram in D, which is represented by a syllable σ aj ij for j = 1, 2, . . . , m. For all j ∈ E + (β) ∪ O − (β), we deform T j by the Reidemeister moves, and we apply a crossing change at the crossing c as in Figure 1 .
By this deformation, we obtain an alternating diagram. Thus we have An n-braid β is positive if a j is positive for all j. We note that a positive 3-braid is conjugate to a braid of the form
where p i , q i ∈ Z >0 for i = 1, 2, . . . , r. Murasugi showed the following.
Lemma 2.3 ([26]
). Every 3-braid is conjugate to an element of the following sets.
where ∆ = σ 1 σ 2 σ 1 .
We denote by Ω j (j = 0, . . . , 6) the set of the closures of braids in Ω j (j = 0, . . . , 6).
Remark 2.4. The closure of the 3-braid ∆ 2n (σ 1 σ 2 ) i ∈ Ω i is the (3, 3n + i)-torus link, where i = 0, 1, 2. The sets Ω j (j = 0, . . . , 6) are mutually disjoint. However, the sets Ω j (j = 0, . . . , 6) are not mutually disjoint (see [4] , [26] ). A closed 3-braid knot is either the (3, 3n + i)-torus knot or a knot in Ω 6 . In particular, we have
, n ≥ 0, and p = 2n − 1, 2n, 2n + 1,
, n ≤ 0, and p = 2n − 1, 2n, 2n + 1.
Proof. Case 0: β ∈ Ω 0 . We may assume that n ≥ 0, since the mirror image of ∆ 2n is ∆ −2n . We can modify 
We note that
The rest of the proof is similar to the proof of Case 0. Case 1.1: β ∈ Ω 1 and n ≥ 0. We modify β into σ 2n+1 1
n by the following equalities.
By Lemma 2.2, we have dalt( β) ≤ n. Case 1.2: β ∈ Ω 1 and n < 0. We modify β into σ
by the following equalities.
By Lemma 2.2, we have
Case 2.1: β ∈ Ω 2 and n ≥ 0. We modify β into σ 2n+3 1
Case 2.2: β ∈ Ω 2 and n < 0. We modify β into σ
Case 3: β ∈ Ω 3 . We may assume that n ≥ 0, since the mirror image of ∆ 2n+1 is ∆ −(2n+1) . We modify β into σ 2n+2 1
Let β be a 3-braid in Ω 4 . We may assume that n ≥ 0, since the mirror image of ∆
n−1 σ 2 1 σ 2 by the following equalities.
Case 4.1: β ∈ Ω 4 and p = 2n. We modify β into (σ
By Lemma 2.2, we have dalt( β) ≤ n − 1.
Case 4.2: β ∈ Ω 4 and p = 2n − 1. We modify β into σ
n−2 by the following equalities.
Case 4.3: β ∈ Ω 4 and p = 2n + 1. We deform β into an (n − 1)-almost alternating diagram by the Reidemeister moves as in Figure 3 . Case 5: β ∈ Ω 5 . We may assume that n ≥ 0, since the closure of the mirror image of ∆ −2|n| σ q 2 is in Ω 4 . We modify β into σ 
Case 6.1: β ∈ Ω 6 and n ≥ 0. We modify β into σ 1 (σ
By Lemma 2.1, we have dalt( β) ≤ n.
Case 6.2: β ∈ Ω 6 and n < 0. We modify β into (σ
This completes the proof.
3. The alternation number and the dealternating number of a closed positive 3-braid
In this section, we determine the alternation numbers and the dealternating numbers of some closed positive 3-braid knots.
Theorem 3.1. Let β be a positive 3-braid of the form
such that β is a knot and p i , q i ≥ 2 for i = 1, 2, . . . , r, where n ≥ 0, r ≥ 1. Then we have
We recall two Z-valued invariants. We denote the signature [25] of a link L by σ(L) (with the sign conventions such that the right-handed trefoil has signature two). In this paper, we define the signature of a link diagram as that of the link represented by the diagram. We denote the Rasmussen s-invariant of a knot by s(K) [29] . The first author gave a lower bound for the alternation number of a knot. Rasmussen showed the following. Erle calculated the signatures of closed 3-braids.
Lemma 3.4 ([10]
). Let β be a 3-braid in Ω 6 . With the notation of Lemma 2.3, we have
Lemma 3.5. With the notation of Theorem 3.1, we have
Proof. We modify β into ∆
By Lemma 3.4, we have
Proof of Theorem 3.1. First we show that dalt( β) ≤ n+r−1. We modify β into σ 2 (σ
If r = 1, we modify β into (σ
If r ≥ 2, we modify β into (σ
By Lemma 2.2, we have dalt( β) ≤ n + r − 1.
Next we show that alt( β) ≥ n + r − 1. Lemmas 3.5 and 3.3 imply that
By Lemma 3.2, we have 1 2
Therefore, we have alt( β) = dalt( β) = n + r − 1.
On t ′ 2 moves for a closed positive 3-braid
In this section, we show that there exist infinitely many positive knots with any dealternating number (or any alternation number) and any braid index. Proof. We may assume that the crossing c is positive, since we can prove in a similar way as in the case c is negative. Let D/c be the diagram obtained from D by smoothing c. By smoothing one crossing of D c(k) , we can obtain a diagram which is equivalent to D/c. Then we obtain the inequalities.
Since D is obtained from D c(k) by k crossing changes from positive to negative,
Then we obtain 
Proof. We may assume that the crossing c is a positive crossing, since we can prove in a similar way as in the case c is negative. Since we have
we have the following inequalities.
By Proposition 4.5, we have
Yamada showed the following. 
The HOMFLY polynomial P L (v, z) of a link L [12] , [28] is a 2-variable link polynomial defined by the skein relationship
We denote by maxdeg v P L (resp. mindeg v P L ) the maximal (resp. minimal) degree of P L (v, z) in the variable v. Franks and Williams, and Morton independently showed the following.
Lemma 4.8 ( [11] , [22] ). Let L be a link. Then we have
For a positive link, Yokota showed the following. 
Nakamura showed the following.
Lemma 4.10 ([27]
). Let L be a closed positive 3-braid. Then we have 
Proof. ( 
Let D/c be the diagram obtained from D by smoothing c. By using the skein relationship k times, we have the following equation. By Lemma 4.9, we have
By Lemma 4.10, we have
since the braid indices of D and of D/c are equal to three. By Lemma 4.8, we have
Proof of Theorem 4. 
On the Turaev genus of a non-split link
In this section, we recall the definition of the Turaev surface and some properties. An A-splice and a B-splice are local moves on a link diagram as in Figure 7 . We denote by s A D (resp. s B D) the diagram obtained from D by applying A-splices (resp. B-splices) at all crossings of D. We denote by |s A D| (resp. |s B D|) the number of the circles of s A D (resp. s B D). 
By Lemma 5.2, we obtain g T (D) ≤ n. Since all non-alternating knots of eleven or fewer crossings except 11 n95 and 11 n118 are almost alternating, by Corollary 5.4, we have the following.
Corollary 5.5. Let K be a non-alternating knots of eleven or fewer crossings except 11 n95 and 11 n118 . Then we have g T (K) = 1.
Remark 5.6. By applying crossing changes at c and c ′ in Figure 10 (see [5] ), we obtain diagrams of alternating knots. Thus we have alt(11 n95 ) = alt(11 n118 ) = 1. It implies that non-alternating knots of eleven or fewer crossings have alternation number one.
Khovanov [18] introduced an invariant of links, called the Khovanov homology, which values bigraded Z-modules and whose graded Euler characteristic is the Jones polynomial. We denote by ω Kh (L) the homological width (or thickness) of the Khovanov homology of a link L. Manturov [21] and Champanerkar, Kofman and Stoltzfus [6] gave the following (see also [3] ).
Lemma 5.7 ([6] , [21] ). Let K be a knot. Then we have
Stošić [30] and Turner [32] independently calculated the rational Khovanov homology of the (3, 3n + i)-torus link, where i = 0, 1, 2.
Lemma 5.8 ( [30] , [32] ). Let T 3,3n+i be the (3, 3n + i)-torus link, where i = 0, 1, 2. Then we have
By Theorems 2.5 and 5.7, we obtain the following.
Proof. By Theorem 2.5, we have dalt(T 3,3n+i ) ≤ n. On the other hand, by Theorems 5.7 and 5.8, we have n ≤ g T (T 3,3n+i ).
Appendix (authored with In Dae Jong)
Appendix is authored by the first and the second authors and In Dae Jong. In this section, we observe that non-alternating Montesinos links and semi-alternating links are almost alternating. Throughout this section, we assume that tangles and tangle diagrams have four ends. We recall some notations for tangle diagrams.
Two tangle diagrams T and T ′ are equivalent, denoted by T ∼ T ′ , if they are related by a finite sequence of the Reidemeister moves. The integral tangle diagram [n] (n ∈ Z) is n horizontal half twists (see Figure  11) . The sum (resp. product ) of two tangle diagrams T and S is the tangle diagram as in Figure 12 . We denote the sum (resp. product) of two tangle diagrams T and S by T + S (resp. T * S).
A rational tangle diagram is a tangle diagram obtained from integral tangle diagrams using only the operation of product.
Remark 6.1. Let a 1 , a 2 , a 3 , . . . , a n be integers. alternating if and only if a 1 , a 2 , a 3 , . . . , a n have same sign. For any rational tangle diagram T , there exists an alternating rational tangle diagram T ′ such that T ∼ T ′ , Figure 12 . The sum and the product of tangle diagrams T and S Figure 13 . A flype A flype is a local move on a tangle diagram (or a link diagram) as in Figure 13 . [15] ).
We depict a symbol o (resp. u) near each end point of a tangle diagram as in Figure 14 if an over-crossing (resp. under-crossing) appears first when we traverse the component from the end point. We call a tangle diagram on the left side (resp. right side) in Figure 14 of type 1 (resp. of type 2). We note that an alternating tangle diagram is of type 1 or of type 2.
1 For example, the integral tangle [1] is of type 1, and [−1] is of type 2. We show two lemmas needed later. Proof. If T and R are both of type 1 or of type 2, then we set T ′ = T + R and r = 0. We assume that the tangle diagram T is of type 1, and the rational tangle diagram R is of type 2. In this case, R is represented where a 1 , a 2 , . . . , a n are positive integers. If R is an integral tangle diagram [r], then we set T ′ = T and [r] = R. If R is not an integral tangle diagram, we obtain the sum of an alternating tangle diagram of type 1 and the integral tangle diagram [−(a n + 1)] by deforming T + R as in Figure 15 . If T is of type 2 and R is of type 1, then the proof is reduced to the case treated above by taking the mirror image of T + R. Proof. We prove this lemma by induction on m. It is trivial for the case m = 1. The lemma is also true by Lemma 6.3 for the case m = 2.
Suppose that the lemma is true for the case m = n such that n ≥ 2. We show that the lemma is true for the case m = n + 1. By the assumption, there exist an alternating tangle diagram T and s ∈ Z such that R 1 + · · · + R n ∼ T + [s]. By Remark 6.2, we have , where T and T ′ are strongly alternating tangle diagrams (see Figure 19) . Proposition 6.6. Semi-alternating links are almost alternating.
Proof. Lickorish and Thistlethwaite [19] showed that semi-alternating links are non-alternating. On the other hand, we can obtain an almost alternating diagram of a semi-alternating link as in Figure 20 . 
